BD 199, 992 

A,.. 

AUTHOB 
TTTLF 

INSTITUTICN 

SPONS AGFNCY 

TTPORT NO 
FOE CRTE 
GPA.VT 



?VTS PPICF 
CrSCFIPTOFS 



DOGOBENT BESOME 



SE on 139 , 



lOFNTIFTEPS 



jCarpe^.*er, Thoma? P.J. Moser, Js.ines M.. * ' • 
P.n lnve«tiqa*ioT'. of *he Learnira oi, Ac^diticn and 

^Wisconsin Univ., Madis'??,, Pesearch and ■Develcpinen+ 
Center for T'^dividuali2ed Schooling". \, 
K'a*ional Tns*. of Education ^DHFW) , washingtcr., . 
D.C. 

WPDCTS-TP-79' • . . • . 

Nov 79 , ■ ^. • ' 

CE-NIE-G-78-021'' 

69p.:'PepoTt frcir. ^he Proiec+' on Studies in 
t^athematics, ^ • . ■ 

MF01/PC03 Plus Por+aae. 

♦ Addition: ^lemer.tarv Fduca*ion: *Elfeinentary School ' 
Mathematics: Grade ^1: Learninq: Longit-udinal Studies: 
Mathematics Curriculum: Mathematics Instruction; ' • 
Problems: *Problem Set^: -Problem Solving; 
♦Subtract ion 

♦Mathematics Fducatibn ^esearch^ 



ABSTPACT ' , 
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Center for Individualized Schooling. The maior interest is in. the 
development cf children's abilities *p solve verbal addition' and 
subtraction problems and particularly ir the processes and sttatogles 
ueed by children. Three factors are cofsidered: (1) problem 
structure, (2) student characteristics, and " the nature of 
injitructicn. An analysis of verbal problems is' presented. This-- 
analysis includes a discussion of various types of problem entities: 
discrete sets, contii^uous attributes, and ac+icns or transformations. 
Problem structure i's also analyzed alona three dln^ensi^ns: action vs. 
s*a*ic relationships, set inclusion, and order (larger vs. smaller) . 
Examples cf various oroblem types are aiven.- ''esults from the first 
veer of an ongoing (1978-1^81) lonqi*udinal =;tudy of primary age 
students are included. These results are mainly gathered from 
individual prcblem-solvina interviews with about 150 subjects. 
Various s^ra^egies employed and *heir change over time are examined. 
The paper concludes with a discussion c'f the Implications cf the 
research, both presen* and contemplated, for instruction. 
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the mission of the Wisconsin Research and Development Center 
is to^iInprove the quality of education by addressihcj^the full 
range of issued and-problems related to individualized' schooling . 
Teaching, learnirtg , and the problems of individualization are 
given concurrent attention in the Center's efforts to. discover 
processjss and develop strategies and materials for use in the 
schools. The Center pursues its mission by. 

# conducting and synthesizing research to clarify the 
processes of school-age ^children*s learning an^ ^ 
d^^velopment • ^ 

# conducting ancj synthesizing research to clarify effective 
approaches to teaching students basic skills arid concepts 

• develpping and demonstrating improved instructional strategies, 
processes/^ and materials for students, teachers, and school 
administrators < 

t 

* 

• providing assistance to educators which helps^ transfer the 
outcomes of research and development to 'improved practice « 

in local schoo?.s and teacher education institution^ 

* » * • ' 

The* Wiscons^in Research and Development Center is supported 
with funds from the National Institute of Education and the 
University of Wisconsin. 
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' ' Abstract 

This paper describes the research program of the Mathematics Work Group 
of the Wisconsin Research and Developaient Center for Individualized Schooling. 
The major interest is in the development of children's abilities to solve 
verbal addition and subtraction problems and particuliir^y in the processes 
and strategies used by children. .Three factors are cpnsidered: IVproblem 
structure, 2) student characteristics, and 3) the nature of instruction. 

An «nalyses of verbal problems is presented. This analysis includes 
a discussion of various types of problem entities: disctfete sets, continuous • 
attributes, and actions or transformations. Problem structure is also ana- 
lyzed along three dimensions: action vs. static relationships, set inclusion, 

and lOrder (larger vs. smaller). ExampJ.es of various problem types are given. 

' ... 
..Results from th^ first year pf an ongoing (1978-1981) longitudinal study 

of primary a^e stWnts are included. The^e .results are mainly gathered from 

individual problem-solving interviews with about 150 subjects. Various strat- 

egies employed and Iheir change over time are examined. 

The paper concludes with a discussion of the implications of the researcj 

both present and contemplated, for instruction. ' . 
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A major aim of mathematical instruction is to enable students to 
acquire concepts and skills requisite for solving problems of many types. 
A principal goal of mathematical education research is to iinderstand how 
children acquire those concepts and skills and to . understand how selected 
pedagogical and psychological factors are related to that acquisition. 
The Mathematics Work Group of the Wisconsin Research and Development Center 
for Individualized Schooling is presently conducting a program of research 
focused on a small set of those concepts and skills. Its interest lies in 

0 

arithmetical learning, and in particular,, in the acquisition of concepts 
and skills related to addition and subtraction of whole.. numbers. . 

A primary focus of -the mathematics' prbject of the Wisconsin Research 
and Development Center for Individualized Schooling is to study the processes 
that c^lildren use to solve simple verbal addition and subtraction problems 
and to identify how thdse processes evolve over time. We believe that this 

^ * » ■ 

investigation will not only help us to better understand childr,en's problem 
solving skills but wiU also help us to understand how children acquire 
basic addition and subtraction concepts and skills. 

The types of problems that we are concerned with are the simple story 
' problems or word problems commonly found ii\ elementary mathematics textbooks 
that can be solved by a sirigle dtjeration of- addition or subtraction. We 
are not suggesting that children necessarily solve these prpblems by adding 
or subtftac^ing. In fact we have found that young children generally do not 



solve, them by applying an arithmetic operation. It: is convenient, however, 
to define the problem domain in terms of these operations. 

Our research is investigating various factors that influence children ''s . 
problem solving behavior. These factors are the structure of the problem, 

! 4 

characteristics of the children and in particular certain cognitive processes, 
instructional materials, and teacher's classroom behaviors. The interrela- 
tionship of these factors is depicted below. 



Teacher 
Activities 



Problem 
Structure 



Instructional 
Materials 



InstruCtioa 



— ► 



Pupil 
Performance 



Pupil 

.Characteristics 



Our research has progressed the furthest regarding the effect of problem 
% ' 

structure, and this ast)ect will be the primary focus of this paper. In-order 

^ 'to understand the effect of. problem structure it is necessary to characterize 

. the major structural differences between different addition anji subtraction 

problems. . « * * 

An Analysis of Verbal Problems 

There are several approaches that ^previous ^research has takeh to char- 

acterize verbal problems. One is to classify problems in terms of syntax, 

vocabulary level, tiumber of words in a problem, etc. (Jerman, 1973; Suppes, 

Loftus & Jerman, 1969). A second approach differentiates between problems 

in terms of the open sentences they represent (Grouws, 1972; Rosenthal & 

Resnick, 1974;- Lindvall & Ibarra, 1978). 'We have chosen a third alternative 

that considers the semantic characteristics M the problem. Our analysis 

is generally consistent with otJjer^Tialyses based on problem structure (Gibb, • 

1956; Greeno, 1978; Nesher &-Katriel, 1978; 'Vergnaud & Durancf, 1976), by;t 
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.wevhavle introduced certain distinctions not included in previous analyses 
of problem types. Ih our ^research we ^av^ been primarily concerned with 



structural characteristics involving the action or relationships described 
in* the problem. In order to fully characterize verbal problems, however, 
it .Is also necessary to consider the nature of the entities in the problem. 
Nat\ire of the Entities in the t^roblem 

We have identified three distinct types of entities in 'addition and 
subtraction prol>lems» What all three have in common is that they are 
measurable or can be represented by number. 

The first type we consider is a discrete collection of ob;|^ects*. In 
this case, it is possible to represent the elements in a set given in a 
particular problem by counting out an appropriate number of physical objects 
tQ make;, an equivalent set. There is a one-to-one correspondence between 
the problem set and d cons,t:fucted set or between the problem set and a set 
of coijjiting words so^ that one can actually thinH ^f each ell^ment In the 
constructed ox spoken'^set as representing an ^element in the problem set. * . 

In contrast to discrete sets, we' can consider entities characterized^ 
by an attribute which is continuous in nature, suclj as lengthy age or 
.temperature.. For continuous measures, however, -any set that might be ^ ' 
constructed would represent the quantity in a very different sense. There 
would not be a one-to-one correspondence ^ because there are no identifiable 
.elements, in this type of problem set. Thus, for continuous quantity problero 
the constructed set would represent the number assigned t^ the attribute 
in the problem, but woujd not^ represent the attribute directly. Needlfess ^ 
to say, continuous quarftities present potent^^ally more< complex liroblem 



situations, it is also possible that continuous measures thafare not 
directly observable such as age or weight are more complex than measures 
such as length or area that tend to be more easily discerned on a visual 



f 

basis. 



Both of the previous categories involve a measurable entity that is 

/ ' 

acted upon or transformed to yield another measurable entity, ""in the third 



category the entities are actions or transformations. The following 

examples, Illustrate this distinction. In the first example the entitles 

are sets and in the second they are transformations. 

John had 8 pennies. He spent 5 pennies. 
How many, pennies did he have left? 

f 

Mary had some pennies. Her father gave 
her 8 more pennies. Then ^he spent 5 

pennies. How many more pennies did she , 
have than she started with? 

In the first problem the entitles are sets of pennies that could be directly 

represented by sets of objects. In the second problem the entitles are a 

change in the total number of pennies, not a set of ]^ennies; the problem 

deals with the magnitude, of the composite change, not with a set. In the 

first problem there is a set of 8 objects,, and 5 objects are removed from 

\t. In the second problem there is an initial relative set of unspecified 

magnitude. Eight objects are joined to it, and 5 are removed. The 5 objects 

are not removed from the set of ' 8 objects that-were added but from the 

larger set. ' The following " problem Illustrates why this is a critical point. 

i 

Mary had some pennies. Her father gave her 
5 more pennies. Then^ahe spent 8 pennies. 
How many fewer pennies diJ^ she have than 
she started with? 
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This problem also illustrates another characteristic of transformations; 
they have both a magnitude and a direction. In other words they may be 
represented by both positive and negative integers. 

I In the research we have completed, we have only used problems involving 
discrete sats. Consequently all of the examples in the next section dealing 
with problem structure involve discrete sets. However, continuous quantities 
could easily be substituted for the sets in the examples. It is somewhat 
more difficult to fit problems involving compositions of transformations 
into the mode^., and they may in fact represent somewhat distinct problem 
types (cf. Vergnaud & Durand, 1976). 
Problem Structure 

We have identified three orthogonal dimensions that characterize the 
different action or relationships involved in verbal addition and subtraction 
problems. 

The first dimension is based upon whether an active ^r static relatipn- 

ship between sets or objects is implied in the problem. Some problems may 

« 

dontain an explicit reference to a completed or contemplated action causing 
a change in the .size of problem entities. For example, "Sue had 8 apples 
in a basket." Then she put 6 more apples in that basket. How many apples ^ 
did she have altogether?" Contrasted to such situations are those* in w>iich 
no action is implied;, that is, there is a static relationship. As an example 
consider, "There are 7 apples in a basket. Four are red* and 'the rest are 
green. How many of the apples are green?" 

The presence or absence of action carries y/ith it a temporal aspect. ^ 
When an action is performed, there is usually an initial state which is 

' 4 




changed or transformed as a result of the action. Thus, a before-after 
relationship is part of the situation. This is not the^case when there 
is no action. We do not suggest that temporal considerations are different 
from the action/static dimension but rather that they are simply a potential- 
ly different manner of considering. such situations. 

The second dimension involves a set inclusion or set-subset relation- 
ship. In certain problems two of the ent it ^s 'involved in the problem 
are necessarily a subset of the third... In other words, either the unknown 
quantity is made up of the two given quantities, or one of the given 
quantities is made of the other given quantity and the unknown. For' 
example, consider the following problem: '*There are seven children on the 
playground. Three are boys and the r^st ,are girls. How many are girls?" The 
set of boys and the set of girls are subsets of the set of children. The 
alternative is that one of the^ quantities is disjoint from -the other two. 
For another example, consider .the' following problem: "There are seven girls 
and three boys on the playground. How many more girls than boys are there?" 
In this problem, removing a set of three girls and counting the*number of - 
girls in the remaining set of four girls is one way of determining the 
answer. The distinction between this problem and the preceding one is that 
. the set of boys is disjoint from all of the sets of girls involved. 

The third dimension is best described as an order relationship. In 
the static relationship among the entities, there may be the notion that 
one entity is larger or smaller than another. \'/here action is described 
in the problem, that action may result in something being made larger 
(increased) of being made smaller (decreased) . 



It is helpful to 'visualize these three dimensions "by iheans of a 
three dimensional solid that represents a two-by-two-by-two matrix (Figure 1) . 



w 




Figure 1. Schematic diagram of characteristics of addition/subtraction 
ptoWems. 



\ 



For each cell of the matrix there are three distinct problem^types . 
depending upon which quantities are given and which is the unknown. Although 
the action or relationship involved in each ^problem is essentially the same, 
the problems are very different and potentially involve different methods 
of solution.. In fact each cell of the matrix contains both addition and 
subtraction problems. Furthermore, there are significant differences in 
difficulty between problems within a single cell of the matrix that are a 
function of which quantities are given and which is the unknown. (Grouws, 
1972; Llndvall & Ibarra, 1978). The distinction between different problems 
within a cell in the matrix are illustrated by the examples given of Joining 
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and Soparntlng. problems. " In Rc-noral the same sort of variation" Is possible 
for problems in the other cells of the m->trix. A characterization of 
problems corresponding to each cell of the matrix follows. 

J6inlng. Joining sltnarions often arise in earlv mathematics Instruction 
because they are generally easy to understand and fend to be familiar to young 
children. Joining is the process of actively putting together an entity 
with an entity A to form a n^w single entity C. A is made larger or iiir 
creased by B so tlVat the union has measure c. Both A and B are subsets of 
C. Figure 2 indicates where Joining occurs in the three dimensional matrix. 



W 




Figure 2. Schematic representation of "Joining" problem^ 



The following e-xamples illustrate the three basic types of Joining problems. 

Wally had 3 pennies. His father gave him 
6 more pennies. How many pennies did he 
have altogether? 
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Wally had 3 pennies. His father gave him , 
some more pennies. Then he had 9 pennies 
altogether. How many pennies did his father 
give him? « 

Wally had some pennies. His father gave him . ^ 
^ "6 more pennies.. Then he had .9 penpies altogether. 
How many ^pennies did Wally have to begin with? 

Separating . • Separating problems have the same characteristics as Jofning 
problems except that the action involves a decrease rather than an increase 
(See Figure. 3). ^ * . 




Figure 3. Schematic representation of "Separating" problems. 



In Separating problet^s a sub'set is removed from a given set, 
Separating problems are illustrated ,below. 

Fred had 8 pieces of candy. He gave 3 
pieces ,to Jane. How many pieces did 
'he have left? 



The three basic 
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Fred had 8 pieces of candy. He gave 
some to Jane. He had 5 pieces left. 
* How many did he give to Jane? 

Fred had Somfe cahdy. H6 gave' 3 pieces 
tb Jane. He, had 5 pieces left. How 
many pieces did he have to start With? 

Equalizing > * Equalizing problems are not as well-known as Joining 

Separating. They are used j^tensively in the earlier sections of the. 

Developing Mathematical Processes (DMP) program that was developed at 

the Wisconsin Research and DeA^elopment Center (Romberg, Harvey, Moser, 

Montgomery, 1974). There^ are two types of Equalizing problems; one- 

involyea an increase and one inyolves. a decrease . (See Figure 4). 



and 





Equalize-add on 



Equaltze-take nwav 



Figure 4. Schematic representation of "Equalize" problems. 

4 ■ 

I 

Equalizing problems involve the same sort of action that is fpund in Joining 
and Separating problems but there is also a comparison' involved. Basically 
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equalizing is a process of changing one of two entitles so that the two 

.ar6 ^then eq^iial on some p^ir tic ular attribute. The following is an example 

of an Equalizing-add^ on< problem. 

There are 6 boys and 9 girls in the 
dancing class. How many more boys 
have to bd put ,in the class in order 
for there to be the saitie number of * 
boys and 'girls? 

Equalizing- take away problems are virtually identical except that the action 

involves a decrease in the larger set. 

There are. 6 bbys and 9 girls in, the 
dancing class. How many girls have i 
to leave the class in order for there 
to be the same number of boys and girls? 

Part-Part-Whole . Part-Part-Whole problems involve a static relationship 
existing between an entity having a particular attribn^ie and its two dis- 
joint, but complementary, parts. The Part-Par t-Whole problem type — 
a static situation in which the set-inclusion relationship is present -- 
does not appear to divide itself naturally along the third dimension of 
order. It Is tempting to try to dichotomize the problem types on some 
logical basis. However, such attempts have proven fruitless. Thus, we 
choose to show Part-Part-Whole problems as occupying two cells of the 
matrix (Figure 5). Some^ examples follow. 

There are 2 boys and 6 girls in the dancing \ 
class. How many children are there altogther? ^*!^ 

There are 8 children in the dancing class. 
Six of them ate girls. How many boys are 
in the class? 
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Figure 5.' Schematic? representation of "l^art-Part-Whole" problems. 

f ■ 

Comparison , IrT Comparison problems there Is a static , relationship of 
order existing between two disjoint entities. As the natjie implies the 
Comparison problems involve a comparison of two quantities. These problems 
are similar to the Equalizing problems except that there is no implied 
action to increase or decrease one of the quantities,. As with the Equalizing 

« 

problems there are two types of comparison problems (See Figure 6). A 
Comparison-larger problem situation involves the amount by which the larger 
of two compared entities exceeds the smaller on a stipulated attribute. 
In this situation, the student is directed by the problem language to' fociis 
on the fact that some entity A is 'larger than a second entity B. Several 
examples follow. 
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Compar 1 son- l^ir ger 



Comparison-STnaller 



Figure 6. Scheioatic representation of I'Comparison problems. 



, Joe has 5 records. Mike has 13 records, 1; 
Mike has how many more records than Joe? 

• Joe has 5 records. Mike ha^ 8 more necords 
than Joe. How many records dods Mike have? 



A second, similar type of problem is called the Comparison-smaller 
problem. As with the Comparison- larger problem, it involves a static 



relationship of order between two disjoint entities. However, the 
Comparison-smaller,^problem «focu^es attention on the smaller of the two 

•entities and on the amount by which it is less than th^ second entity. 

' ^ ' ^ ^ ^ \ 

The problems are identical to the Comparison-larger problems except 

that the question is who has fewer. ' . ^ 



Joe has 5 records. Mike has 13 records. 
Joe has how many^ fewer records than Mike? 
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Our model does not unambiguously characterize all proBiems, and there 
are some problems that are difficult to place in a single cell in the model. 
For most types of addition and subtraction problems > we have evidence tfiat 
children's solutions reflect the distinctions between problem 'types char7 
acterized by the model. The one contrast we have not systematically in- 
vestigated is the one bet(Ween the two types of comparison problems. It 
is possible that this distinction is nqt. useful in characterizing children's 
performance. This would imply th^at the increase-decrease dimension of our' 
model would only apply to the action dimension' of the matrix. 

So far we have only investigated 9 of the 21 problems characterized 

■• . ' - 

by the model. These problems represent six of the seven cells of the 
matrix; the one exceptidn is the Comparison-smaller cell. In our initial 
studies we have been concerned with the processes that young children use 
to solve addition and subtraction problems. Consequently we have begun 
with problems that logical analysis or empirical evidence would suggest 
are most likely to be solved by young children. In general these problems 
are ones in which the action or relationships^ described in the problem 
can be directly modeled without trial and error. ' * 

. . Research Program 1 

In the studies conducted or presently in progress, the principal focus 
is on the strategies children use to solve basic verbal addition and sub- 
traction problems. In spring 1977, a pilot study involving.^43 first grade 
children was carried out (Carpenter, Hiebert & Moser, 1979). A following 
study involving the same subjects was conducted in May of the same year 
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(Carpenter, Moser and Hiebert, in ^ress). Both studies provided interesting 
findings in' their own right. In addition, they helped identify suitable 
problem tasks, refine data. gathering and data reporting techniques, and 
clarify many of the problem solving strategies^ children use. These find-' 
Ings provided the basis for tlie design of our major research e'tfort, a 
three year longitudinal study of 150 children that Is currently .In progress. 
Broc^gdures 

The longitudinal study Is Investigating three major sets of variables. 
The basic dependent variable Is children's performance on simple addition 
and subtraction verbal problems. The primary method of assessing children's 
performance is through individual interviews administered at>the beginning, 
toid^e, and- end of each school year. These results are supplemented with 
T)aper and pencil achievement monitoring tests administered approximately^ 
^every six weeks. and unit tests given after each majot unit of arithmetic^ 
Instruction. ' ^ 

The second set of variables deals with measures of ^Spe^if Ic ^gnitive 



abilities that potentially are related to performance on addition and sub- 
traction afoblems. Included In this set of variables are measures of 

coi^^ervafion, class Inclusion, and Information processing capacity. The 

/ 

third major set of variables that we are investigating involves the kind 
and amount of instruction that pupils receive on individual topics. A ' 
key component of these .measures, which are gathered through direct observa- 
tion in the classroom, is the recording of pupil allocated^and engaged"^ 
time, usin^ techniques developed in the Beginning Teacher Evaluation 
Study (Jones & Romberg, 1979), In following sections, results from the 
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first year of the study will be discussed. - 

Subjects * ■ , , ■ * 

Subjects for the study consist of 150 children iroip ^ig^t first grade* , 
classrooms. The classes were in thre^ elementary schools that all draw 
from predominantly white middle to upper-miii^^ cj^^s neighborhoods. The 
schools were selected in an attempt to control for instruction. ^ All three^ 
used a modified .version of Developing Mathematical Processes (DMP) , the 
activity-oriented problem solving program developed at the Wisconsin Research 
and Development Center (Romberg, et al., 1974). The modifications occur 
primarily with instructional units whose objectives deal with writing and 
solving open ^sentences that represent addition and subtraction problems. 
These modifications are described in detail in Kouba and Moser (1979). ^ 

At the time of the first interview in October 1978, subjects had 
generally experienced only the readiness activities typical of a kinder.- 
garten mathematics curriculum. Some had begun work on writing numerals. 
By the ti^e of thr second interview in January 1979, the instruction had 
covered only two^purely arithmetic units, Writing Numbers and Comparison 
Sentences. The other topics dealt with measurement and geometry. Comparison 
Sentences introduces the notion of a mathematical sentence, though it only 
deals with representing a static relation (equality) between two numbers. 
Thus, at the time of the second interview the children had received no 
formal instruction In symbolic .representation of addition and subtraction. 
On the other hand, 3everal lessons which included problem situations involving 
joining, separating, part-part-whole and comparison had been presented. In 
those instances, modeling with objects to determine the solutions had been 
,mgg6sted. I 



By the time of th^ third interview in May 1979, several instructional 
units on, addition and '^subtraction were presented; The units required 
approximately two months of instruction and focused on the foy.owing ^ 
objectives: writing number sentences of the form a + b =^[I] or a - b = Q]. 
to represent concrete and verbal problem situations, and solving number 
sentences of the form a + b = and a - b =□ for sums between 0 and 10. 
The problem situations were of the joining, separating, comparison and . 
part-part-whole types. Several. key features highlight these unitsV First,, 
the .children are strongly encouraged to use modeling behaviors "by represent- 
ing numbers with sets of physical objects. Second, varioys forms of cbunting 

» • ... 

are suggested. Finally, analysis of verbal problems is taught using a device . 
that has the part-part-whole relationship) as its b^sis. This devi<5e tends 
to highj.ight the inverse relationship of addition and subtraction. 
PrDblems 

Each interview indluded six problem types, two having an additive 
structure and four having a subtractive str\ictui;e. Representative problems 
and the order in which they were given in the intervi;ew ar^ presented in 
Table 1. The specific problems were selected because 1) they were repre»- 
sentative uf .problems commonly included in elementary mathematics 'texta, 
2) they Include the three basic, ^ut different, types associated with sub- 
traction, 3) they were problems that the younger subjects were most likej.y 
to be able to solve, and 4) the. earlier pilot study (Carpenter, et al., 1979) 
had indicated that they would el'^-cit different patterns of solution. Each 
problem t? pe was presented under four different ccnditions, resulting from 
the crossing of two variables, number size and the availi^bility of manipulative 



^ , Table 1 

Representative Ad<}ition and Subtraction Problems 

. ' •4 V 

1. Joining (Addition) Wally had 3 pennies. His father gave 

him 5 more pennies. Hov many pennies 
did Wally have altogether? 

2. Separating (Subtraction) ^ Tim had 11 candies. He gave 7 candies 

^ , , to Martha. How many candies did Tim 

have left? » ; 

3. Part-far t-Whole (Subtraction) There are 6 children on the playground. 

I . 4 are boys and the rest, are girls. How 

many girls are on the playground? 

4. Part-Part-Whole (Addition) Sara has 6 sugar donuts. She also has 

; '9 plain donuts. How many donuts does - 

Sara have altogether? 

5. Comparison (Subtraction) Joe has 3 balloons. His sister Connie 

has 5 balloons.. How many more balloons 
doe« Connie have thart Joe? 

{ % 

6. Joining (Subtrffction) Kathy has 5 pencils. How many more 

!f pencils doeA she have to put with them 

so she has V pencils altogether? 



aids/ The manipulative dimension involved the presence or absence of physical 
objects that could be used to represent the action or relationships described 
in the problems. Number size included a set of smaller number triples, the 
sum of whose addends was between 5 and 9, and^ a larger set for which the sum 
was between 11 and 16. 

The assignment of number triples to problem types involved a six-by-six 
Latin square design resulting in six sets of six problem tasks each of which 
were uniformly and randomly distributed across subjects. . 
Individual Interviews • . 

the interviews were broken into two parts, with the 12 problems Involving 
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smaller numbers given on* one day and the remaining 12 with larger numbers 
^given on 'a succeeding day* Interviews were cut sho^rt at any time it became 
apparent a subj'ect was floundering. The interview procedures were not 

clinicaj. ijn th6 sense descri'bed by Opper (1977).. Rather, they could be 

" ■ I 

considere^ as an attempt at naturalistic observation. If a student's 

strategies could be directly observed*, no follow-up questions were loosed. 

If not, the interviewer attempted to determine the strategy by asking 

the child further questions. All interviewers followed a standardized 

routine for questi'oning children and coding responses. All interviewers 

were trained to the point th^t intra and intercoder reliability coefficients 

•» *' 
were greater than .90 (Martin, in press). « 

We now turn to a presentation and discussion of results obtained to 

date. Because the longitudinal study is still in progress, some data have 

beer only partially analyzed. The analysis of the data will be reported on 

a cross-sectioned basis. Tracing of the development of individual children 

over time has not yet been completed. However, the longitudinal study 

results together with the results from the iJilot studies cited earlier 

A 

(Carpenter, et al., 1979;' Carpenter , et al., in press) provide a reasonably' 
consistent picture of children's initial solution processes for simple 
verbal problems. Addition will be discussed first, followed by subtraction. 

Addition 

Our basic interest is in the strategies children use, both before they 
receive formal (i.e., school) instruction and during and after they receive 
initial instruction in the operations of addition and subtraction. Because 
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^ these children have, at best, limited exposure to the formal operations of 
arithmetic,- the strategies they do exhibit are a result of their intuition, 
their invention, and of informal instruction and experiences (e.g,, parents, 
older siblings, kindergarten). Most of the strategies are based on counting 
and are sirtiilar to the strategies for solution of numerical' addition problems 
identified by Suppes and Groen (1967) and Green and Parkman (1972) • Other 

c 

strategies exhibited by our subjects are not based strictly on counting. 

Addition Strategies , , \ 

« 

■'1 

/ In all problem contexts reported? the measurable entities were discrete 

sets. In two of the four settings, plastic cubes were made available for 

modeling. In a third, the numbers were sufficiently small that the subjects' 

ten f iiigdrs could be easily used as representations of the two sets given 

in the problem. Only in the fourth setting, larger numbers without the 

f 

cubes present, was it true that physical representations of the sets de- 
scribed in the problem were relatively inaccessible. As we shall report, 
this fourth setting induced different behaviors on the part of some children. 
The manipulatives, cubes or fingers, were used in two distinct ways. In 
one case, they stood as direct representatives of the problem entities. 
In the second, they served as a marker or tracking aid to help the child 
relnember some counting sequence. 

The various types of strategies used to solve addition verbal problems 
would seem to occur in a logical order of difficulty, or degree of sophis- 
tication* This is a suggest^ orderi ig made on a logical analysis of the 
levels of abstraction. Empirical evidence supporting or contradicting 
this order has not yet been analyzed* These strategies are summarized 

4 
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below. In the following discussion, m is the smaller addend in the- 

problem, n the larger, and t is the sum. In other words m + n = t. 

Counting All with Models . Cubes or fingers- are! used to independently 
count out and represent both sets. Then the union of the 'two sets 
is counted. Three distinct counting sequences are used, each associ- 
ated with a direct one-to-one count of a set in the problem. One ds 
1, 2, m; another is 1, 2, n; the third is 1, 2, m + n. 

The answer is the number of objects In the union set. We make no 
distinction if the smaller or larger set is modeled first. In actual ^ 
practice, most children modeled , the sets in the order In which they 
were given, which was' always the smaller one first. 

Counting AU without Models . This is essentially the SUM strategy as 
identifi¥d~in the response latency studies by Suppes and Groen (1967) 
and Groen and Parkmah (1972). Neither set is modeled. The counting 
sequence begins with "one" and a simple counting procedure is executed 
until either m o^ n is reached. At that point; a double-count is 
initiated as the child continues until the final word, m+n, is reached 
in the sequence. The first count at the intermediate point continues 
as m + 1, m + 2, etc. (or n + 1, n + 2, ...) while the second and pre- 
sumably simultaneous count is 1, 2, 3, ... n (or 1, 2, 3, ... m) . 
Keeping track of the second count may be done by objects (rarely 
observed by us), by fingers, or mentally. The. answer is the final 
number in the counting sequence. 

Counting On from First (smaller) Number . Exactly like the previous 
strategy with the 'major exception that the counting sequence begins with 
p or m + 1. Againf tracking of the second count may be done with objects, 
fingers, or mentally. 

Counting On from Larger Number . This is the MIN strategy identified in 
the response latency studies. Here the counting sequence begins with 
n or n + 1. Tracking is done as in the other strategies. 

Num ber Fact . Although the children we are working with.had not been 
taujht number facts until the latter part of the school year, some ^ 
of them learned a great deal about addition outside of school, including 
a wide range of number facts. These children were generally able to 
apply their knowledge of addition facts to solve simple verbal problems. 

Heuristic . Heuristic strategies are employed to generate solutions from 
a small set of known basic facts. These strategies usually are based 
on doubles or numbers whose sum Is 10. For example, to solve a problem 
representing 6 + 8 « ? a child responded that 6 + 6 12 and 6 + 8 is 
. just 2 more than 12. In another example involving the operation 4 + 7 « ? 
another child responded that 4 + 6 - 10 and 4 + 7 is just 1 more" than 10. 
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The latter three counting strategies that involve t^^e double, or 
simultaneous counting deserve further discussion. Although we did not 
observe any instances of this behavior, it is theoretically possible to 
use a clearly different process to track the second set involved in the 
double count. In the three strategies described, the second set is being 
constructed, either by cubes, fingers or a string of counting words, as. 
the double counting is bfeing carried out. In contrast, a child could 
conceivably construct that second set, (probably on a physical basis) prior 
to beginning the double count. Then the tracking would be carried out by 
successively removing objects from the constructed set and would end when 
that set was exhausted. 

The information processing demands on the child would seem to be 
much less for the latter situation in which the second, tracked set was 
constructed prior to the simultaneous count than in the former wl]^re the 
second set is being constructed as the child is counting. It would appear 
that the child WQuld have to continuously check whether the second count 
had yet reached the desired target number. When carried out mentally. 
It was difficult to determine how the child knew when to stop. Some 
children appeared to use some sort of rhythmical or cadenced counting. 
Others explicitly described a double count. But children generally had 
difficulty describing thi^ procfess. When fingers were used to construct 
the second set, it seems to us' that children have a special kinesthetic, 
quasi-subitizable sense about knowing when a particular number of fingers 
have been raised (or lowered). 

3t 



23 

' ■/ • 
Addition Results . ' ^ . 

A summary of results for the two addition problems Is presented in 

Tables 2 and 3. (Wording of the problems Is given In Table 1.) Although 

both Interviews 1 and 2 were, conducted before children received fotinal 

Instruction In addition * most children were able to solve both addition 

problems. In fact the overall pattern of responses for both problems is 

almost Identical both in terms of number correct and. strategy. This 

suggests that there, is very little difference in the way that children 

approach these two types of problem. 

It is not the case, however, that all addition problems are equivalent. 

In an earlier pilot study (Carpenter, et al., 1979), the following Comparison' 

larger problem was found to be significantly more difficult than Joining 

and Part-Part-Whole problems: 

Ralph has 8 pieces of gum. Jeff has 5 
more pieces than Ralph. How many pieces 
of gum does Jeff<.have? 

*■ 

Although over 80 percent of the first graders in that «tudy„ could solve 

(5 

the other two addition problems, fewer than 25 percent correctly solved 
this Comparison problem. Over 50 percent gave one of the numbers in the 
problem as their answer. They did not seem to be able to understand that 
"Jeff had 5 more pieces of gum than Ralph" and interpreted it as "Jeff 
had 5 more pieces of gum.'' Although not performing at a high level, 
children were s.tiU better able to deal with the "more than" relation 
in the Comparison problem with subtractive structure. It seems to be this 
particular addition comparison context that gave them difficulty. 
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Table 2 

Results for Joining (Addition)' Problems [Interview Task //I] 
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n » 144 for Interview 1; n » 150 for Interview 2 and 3 
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Results for Part-Part-Whole ^Addition) Problems [Interview Task i/A]. 
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n « 144 for Interview 1 ; n « 150 for Interview 2 and 3 
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There is a difference in the structure of the addition problems that may 
account for this difference in diffitiulty. As noted^n the earlier discussion 
of problem types both, the Joining and P^t-Part-Whole problems have the set- 
inclusion dimension. Thus, when a child constructs sets representing both 
entities and takes their union, that child is actually- modeling the problem. 
This is not the case for the addition Comparison problem for which the set- 
inclusion pr6perty does not hold. The union of sets representing the quantiti 
described in the Comparison problem does not quite model the relationship 
of the problem. 

For the Joining and Part-Part-Whole problems, it appears that some 
children are able to represent and solve problems involving small numbers 
before they can solve similar problems involving larger numbers. In th^ry,* 
the process of solving problems with small numbers or large numbers are the 
same when physical objects are available. But the problems with smaller 
numbers jrere significantly easier. 

Of particular interest was the fourth interview condition where lafi?r 
numbers were used but no physical aids were available. Since it is more 
difficult to represent numbers larger than 10 with fingers, many children ♦ 
opted to use the Counting On strategies rather than^the less advanced 
' Counting All strategy that they would use when physical aids were present. 
There was also a marked increase in the Counting On strategies over 
time. Although we cannot completely rule out the possibility of informal 
instruction or some formal instruction by Some of the classroom teachers 
involved in the study, we would still' propose that it is strong l&videuce 
in support of the theory put forth by Groen and Resnick (1977)' that children 

37 '■ ' ' 



27 



Invent these strategies for themselves. 

Subtraction * ^ 

It Is generally acknowledged that subtraction is harder for children 
thah addition. Although a number of reasons could be advanced for this 
^difference, we prt^ose that a possible cause of this difficulty is. the ^ 
fact' that th^rfi are several distinct representations possible for subtraction 
problems while addition is generally defined as the union of two sets. We 
have identified three basis types of subtraction strategies which represent 
the distinctly different actions of Sjeparating, joining, and comparing. Some 
of these strategies operate at different levels of abstraction in much the 
same way as" the addition strategies. There is the low level modeling of 
sets and actions with physical objects accompanied by simple counting and 
the more sophisticated counting strategies that involve the- double-count and 
tracking procedures. While not directly^associat^ with a specific problem 
or strategy type, use of number facts and heuristics are dlso used to solve 
subtraction problems. The different strategies are described below. Some 
have been identified in the response latency study of numerical (^ubtraction 
problems carried out by Woods, Resnick and Groen (1975). 
Subtraction Stra tegie s 

' ^ f 

Rather than describe the strategies in the order, of level of sophis- 
tication, we have listed them by the various>types that corjrespond to the 
problem types. Tlie number sentences m-n = dorn + d = m represent the 
mathematical operation characterized by the problem. 



38 



Separating From» vlth models. The child uses concrete objects or fingers 
to ^construct the 'larger given set m and then takes away or separates, 
one at a time^, a number of cubes or fingers equal to the smaller given 
number n in the problem. Counting the set of remaining cubes yields the 
answer. Three distinct counting sequences are used. The first is 1, 2, 
. . . , m; the second is 1, 2, . . . , n; and the third is 1, 2, . . . ,^m - n (or d) . 

Counting Down X^om ^ In a more abstract representation ^f the separating 
from strategy, a child initiates a backwards* counting sequence beginning 
with the given larger number m. \t ife conceivable that a child could 
precede that by counting 1, 2, ra; but we nev^r observed it- , The 

backwards counting sequence contains as many counting number words as 
the given smaller number* The ^last number uttered in the' counting 
sequence is the answer. Here'a double-count is necessary to keep track 
that the correct number of counting words has been uttered. As with the 
counting on strategies for addition, the tracking may be accomplished 
by a constructed set of cubes (rarely seen) or fingrrs, or mentally. 
This is the method number 2 idenl:ified in the.Woodfe et al. (1975) study. 

•> 

Separating To, with models . The Separating To strategy is similar to the 
Separating From strategy except that Che separating continues Until the ^ > 
smaller quantity is attained rather than until it has been removed. In 
the concrete case, after the larger set m is counted out, the child removes 
cubes one at a time until t:ie remainder n is equal to the second given 
number of the problen;. Counting the number of cubes (d) removed gives 
the answer. Again, three distinct counting sequences are used. 

Counting Ijown To . A child initiates a backwards counting sequence 
beginning with the larger given number • The sequence ends with the 
smaller number • By keeping track of the ntrmber of counting words 
uttered in this sec^uence,' either mentally or by using fingers or cubes, 
the child determines the answer to be the number of counting words 
uttered in the sequence. It is interesting to observe, that Woods, et al. 
(1975) did not identify this strategy. From a* response latency perspective, 
it would involve the same number of steps as a Counting Up From Given 
strategy. _ ^ 

Adding On> with model s. With concrete objects the chilu sets out a number 
of cubes equal to the smaller given number (n) . The child then adds cubes 
to that set one at a time until the new collection is equal to the larger 
given number (m) . Counting the number of cubes added on (d) gives the 
answer. Here too, three counting sequences are used. The first is 
*1, 2, n. The second is n + 1, n + 2, . . . , m. No tracking/is needed 

because the child knows to stop whenever the word "m" is uttered. The 
third count is 1, 2, . . . , m - n (d) . 

Counting Up from Given . A child initiates a forward counting sequence 
beginning with the smaller given number n. The sequence ends with the 
larger given number m. Again, by using any of the available devices, 
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the child keeps track of the number of counting words uttered in the , 
Sequence, an'd thereby determines the answer. This is method number 3. 
of the Woods; et al., (1975) study. ^ 

Matching . Matching is only feasible when concrete objects are available. 
The child puts out two sets of cubes, each set standing for one of the 
given numbers. The sets are then matched one-to-one. Counting the 
unmatched cubes gives the answer. 

Greeno (1978) has hypothesized that children may use a single strategy 
to solve all subtraction problems. He suggests, , for example, that certain 
problems are associated directly with a subtraction operation. 'Others are 
first transformed to one^of the representations that is directly associated 
with an operation. This analysis would seem to imply that all. of the problems 
that are initially transformed into *the same basic representation would 
generate the same solution strategy. 

An alternative hypothesis is that different strategies would be used,* 
depending on the structure of the problem. As wie have just seen, certain 
of the strategies naturally model the action described in specif io problems. 
The Separating problem is most clearly modeled by the separating strategies. 
*0n the other hand, the implied joining action of the Joining (missing addend) 
problems is most closely modaUd^ the Adding On or Counting Up strategy. 
Comparison problems deal with static relationship^ between sets rather than 
action. In this case the Matching strategy appears to provide the best model. 

• For the Part-Part-Whole subtraction problem the situation is more ' 
ambiguous. Since Part-Part-Whole problems have no implied action, neither 
the Separating nor Adding On strategies (or their counting analogues) , which 
involve action, exactly model the given relationship between quantities. 
And since one of the given entities is a subset of the other, there are 
not two distinct sets that can be matched. In the next section we shall 
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p,resent evidence that the , second hypothesis best characterizesfchildren's 
solution strategies. In ocher words, children tend to model the action 
or relationship described in the problem rather than attempting to relate 
the problem to a single operation of subtraction. 
Subtraction Results 

The data for each of the four subtractjj^ problems are presented in 
Table 4, 5, 6, and 7. The incidence of the Separating To and Counting Down 
To strategies was so small that that category is not included. For the sake 
of readability, uncodable responses as well as incorrect responses such as 
guessing, repeating one of the given numbers, or adding instead of subtracting 
are also not included in the tables. We would observe, however, that there 
were relatively few instances of thes^ types of .errors. Most often children 
who were unable tc solve a problem because they were unable to represent 
the action or relationship in the problem. They very seldom, however, . 
represet^ted it in an incorrect or inappropriate way, ^ 

The results indicate that the dominant factor in determining children's 
strategy was^:he structure of the problem. The strategy used by the great 
majority of children modeled the actioti or relationship described in the 
problem. This was true through all three interviews and under all problem 
conditions. For the Separating probem (Table 4), almost all children used 
a subtractive strategy (Separating, or', Counting Down). For the Joining- 
Missing Addend problem (Table 5) , almost all children used a strategy (Adding On 
or Counting Up). The results were not quite as overwhelming for the Comparison 
problem (Table 6) , but the Matching strategy was the most frequently used 
strategy when physical objects were available. In general, this strategy is 
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Table 4 ' 

Results for Separating* (Subtraction) Problems [Interview Task //2]. 
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Table 5 

Results for Joining (Subtraction) Problems [Interview Task //6l 
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to • 


Condition 


Interview 


SUBTRACTIVE 
beparate uount cown 
from 

1 


ADDITIVE 

from given 


COMPARATIVE 


NUMERICAL - 
Number Heuristic 

fact . . 


—4 

1 

S,tnaller 
numbers 

Physical 
objects 

■ 


1 

2 
3 


90 

120 
133 


6 0 
2 0 
2 0 


60 15 
68 24 
47 30 


1 

1 

0 
0 

1 4 


7 2 
23 ' 4 
51' 3 


Smaller 
numbers 

No 

physical 
objects 


1 
2 

: 3 


86 

110 
132 


0 0 . 
'0 0 

1 0 


53 28 ' 
43 24 
30 39 


■ 

0 
0 
0 


• 

9. 2 

25 3 V ' 
49 3 . 

1 * 


Larger ' 
numbers 

Physical 
obj ects 


^- 

f 

! 1 

1 

; 2 

1 ' 

1 3 


56 
86 
114 

i 


.7 ' 0 
3 0 
5 0 


45 13 
65 18 
70 ' 27 


5 

«« 

1 
3 


t 

'2 2 N 
3 6 
12 8 ^ 


Larger 
numbers 

No 

physical 
objects 




2 
3 


}- 

! 

1 36 

1 . 

j 59 
• 92 


• 

0 0 

0 0 

1 0 


* 

10 26 
16 39 
21 65 


0 ' 

0 

0 


2 3 \ 
11 8 



O it 

ERIC " 
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Table 6 

Results for Comparison (Subtraction) Problems [Interview Task //5J 



* 


• 




STRATEGY 


Correct* 


SUBTRACTIVE 
Separate Count 
from 


down 


ADDITIVE 
Add on Count up 

from given 


COMPARATIVE 
Match 


NUMERICAL 
Number Heuristic 
fact 














t 










Smaller 






* 
















numbers 


1 


75 






1 


10 


9 


18 


4 


1 


Physical 


. 2' ' 


84 


18 




1 


4 


. 13 


36 


7 


3 


objects 


•* 

3 


108 






4 


3 


Q 


31 


30 


3 























Smaller 






1 








• 

17 








numbers 


1 

• 


61 


10 




0 


16 


2 


6 


2 


No 


2 


76 


9 




2 


16 


22 


4 


13 


1 


•physical 












8 


.27 




30 




objects 


3 


97 


9 




2 


5 


5 


Larger 
numbers 


" 1 


55 


18 




0 


6 


9 


26 


1 


1 


Physical 


2 


61 


12 




0 


5 . 


13 


45 


2 


1 


objects 














1 


50 






3 


85 


21 




2 


7 


17 


. 4 


7 


Larger 
numbers 

No 

. physical ^ 
obj ects 


. 1 
*2 
3 


29" 
, 42 
58' 


2 
1 
3 




1 
1 
0 


5 
9 
7 


18 
26 
34 


0 

• 

0 
0 


1 
3 
10 


3 
6 
5 
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' ' Table 7 

Results for Part-Part-Whole (Subtraction) Problems" [Interview Task //3] 

















S 


T R A 


T E'G ' 






iCk 


< 


Condition 


Interview 


Number 
Correct* 


SUBTRACTIVE 
Separate Count down 
from 

« 


ADDITIVE 
'Add on Count up 

from given 


COMPARATIVE 
Match 


NUMERICAL 
Number Heuristic 
fact 




Smaller 
numbers 


1 


1 

67 


41 




1 


10 




7. 


t 

.1 


5 


2 




Physical 
objects 


2 
3 


82 
119 


45 

72. 




1 

2 ^ 


3 

\ 6 




7 

5 


0 
0 


12 
27 


5 . 
4 




Smaller 
numbers - 




50 


• 32 


T i 


1 


6 




5 


0 


3 


ft 

ft 

4 




No / 
phyijSlcal 
objects 


2 

. 3 


71 

lOA 


28 
47 




2 

4 


.6 
0 




7 

11 


0 
0 


19 
31 


4 < 
2 

1 9 




Larger 
numbers 


1 


51 


55 




2 


7 




3 


0 


1 

i 0 

i 


*^ 




Physical 
objects 


2 

■ 3. 


68 ' 
105 


67 
83 




0 
8 


6 
3 




5 
11 


0 

1 


1 3 

1 

1 

: ^ 


3 
7 


48 


Larger 
numbers 


1 


'T9 


19 

f 




0 


4 




li 


0 


\o 


59 

2 




No 

physical 
objects 


2 
3 


34 
64 


12 

ft 

26 




2 
14 


2 
3 




16 
18 


0 ' 
0 


1 

11 


4 
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not possible when there are not objects available to construct the two 
sets «to put in one-to-one correspondence. Interestingly, we 'did have 
several instances where children tried to matckjiheir fingers on one hand 
with those on the other hand. This occurred when the number triplet 2-3-5 
was used. 

The ambiguity of the Part-Part-Whole problem (Table 7) is reflected . 
in children's selection of strategics. Although a majority tended to use a 
subtVactive strategy, the addit^ strategies were used' by a significant 
•minority, especially „ in. the fourth "condition -where manipulative objects and • 
sufficient fingers w.ere not available "to modfel the separating process. 

In the first two interviews the Counting Down strategy was used relatively 
lnfreque«eir- Although a subtractive strategy was almost, universally used 
to solve the Separating problem, children' tended to use the Separating strategy 
with physical objects or fingers. Over three time? as many children used the - 
Counting Up strategy to solve the Joining-Missing Addend problem as used the 
Counting Down strategy to solve the Separating problem. Counting Down^ls a 
difficult process. And when explicitly asked to count backwards a given 
number pf steps, only about 50 percent of the first-graders in our sample 
could do so. .Although our data are not conclusive in this regard and 6thers - 
have identified Counting D(^wn as a b^ic subtraction strategy (Woods et al., 
1975), we would conjecture that some- children ndver use a Counting Down 
strategy prior to learning basic subtraction f act^ " ^ 

General Discussion of Strategies. ^ * 
It has been clearly established that children enter, school witV\ 
reasonably well developed counting procedures, and that they invent strategies 
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based on counting^ procedures to solve simple addition, and subtraction 
problems Tcf» Ginsburg, 1977; Resnick 1978). In fact; the investigations 
carried out^by a numbjer of other researchers support this conclusion. Ours 
is no exception. Ou/\esearch also offers some support to the conclusion that 
children first apply these strategies to small numbers and subsequently extend 
them to larger number domains (Gelman & G^llistel, 1978). 
— — ^ur research Itidlrates thatr in solvitig simple verbal problems children 



use various counting techniques to directly represent the action or relation- 

ships deiscribed in the problem. Our current results do not offer a complete 

picture of the evolutlot^ of these representation processes. However, based 

on 'the data we have, we would make* an educated guess that at tl^e earliest 

stages children solve problems directly by representing the quantities 

described in the problem and then performing the indicated action on thes'e 

representations. ^ ^ ^ ^> 

In our curtrent reseatch we have focused on problems in ,which the ■ / 

action or relationships described In the problems can be directly modeled. 

^In- other problems like the following missing mlnufend problem this is not the 

* « 

case. • , ' 

Mary had some marbles. After she lost 
5 of them, she had 8 marbles left. How 
many marbles did Mary have to start with?. 

« 

In this problem the initial state is the unknown quantity ^ To ditectly 
model this action would require some sort of trial and error strategy ' 

I 

in^whlcj? children guess at the size of the initial set and check their guess 
by removing 5 elements to see if there are 8 elements left. It is possible 
that this sort of problem will generate trial and error variations of the 
strategies that we have identifiej!. Rosenthal and Resnick (1974) also suggest 




■ 'i...ty . .... • ^ ■ ■ ■ 

that trial and error ' strategies. might be employed foi: this type of problem. 

o ' , • * _ 

However, are aware o,f very, lit;,tle empirical 'evidence that indicates that 

•children systematically use trial and error strategies to solve these problems 

- • i ..J • . ' 

rather than transforming them so that they can be solved directly. 

This^alysi-s might help explain differences in difficulty between 

different problem types. It would imply that problems in which the quantities 

given In the problem are operated on directly would be easier than problems 

in wljich they were not. In tli^^analysis of the Comparison addition prpblem 

in the addition results section above this was indeed the case. This analysis 

may also explain why Separating problems like: 

You have some stamps. You give 
* 7 stamps to Judy. You now have 
A stamps. How many stamps did 
you have to begin with? 

are significantly, more difficult than related Separating or Missing Addend 

problems (Grouws, 1972; Lindvall & Ibarra, 1978). In the action described 

«• 

in the problem, 7 stamps are being removed from an unknown quantity. The 
.only way to directly model this action is to already know the answer to 
the problem oi to use trial and error. 

The difference in difficulty between action and static problems (Nesher 

t 

/ 

& Katriel, 1978; Steffe, 1970) may. also reflect how clearly the action or 
relationships are specified in the problem. In the Comparison and Part-Part- 
Whole subtraction problems children were less consistent in their choice of 
Strategy than they were for the Separating or Joining subtraction problems. 
This^ may reflect the fact that children had more difficulty figuring out how 
to model the relationships in the static problems, which was ultimately 
reflected in their ability to solve the problem correctly. In this regard 
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It' is noteworthy that in our study there was no difference in performance on 
the action and static state- addition problems. Since there is only one 
general model of addition the exact representation of the action or relation- 
ship was not an issue* 

Although they may have difficulty applying them to all problem situations, 
it appears that ?arly in their development of subtraction concepts children 
have a variety of strategies for solving different subtraction problems. 
There may be a general overriding strategy of modeling the action or relation- 
ship described in a problepi. But it manifests itself in several very different 
ways that provlcl;e different interpretations of subtraction. We would' hypothe- 
size that at first children do not recognize the interchangeability of their 
strategies. This would account for the fact that there is such a close match 
between problem structure and strategy. Even though a Coijnting Up strategy 
is much easier and with the numbers in our problems more efficient than a Count- 
ing Dowt> strategy, most children in our sample continued to attempt to use some 
form of Separating strategy for the Separating problem. Woods *et al, (1975). 
hypothesized that older children are able to choose the most efficient of the 
counting strategies to solve numerical, problems. So far we have no data to 
support this conclusion with regard to children' s' solutions pf verbal problems. 
They would suggest, however, that younger children have independent conceptions 

r. 

of subtraction. A completely developed concept of subtraction invovles an 
integration of all these interpretations. 

Our data do provides some insights into how that development may take 
place. Apparently, the firfet step might involve a shift to more abstract 
counting strategies from concrete strategies that completely model the 
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problem. Although at the time of the third interview most of the children 
in our sample continued to use a strategy that represented the action or 
relationship described in the problem, almost half of them were using the 
more abstract Counting Up and Counting Down strategies rather than tl^ more , 
concrete Adding On and Separating strategies. Tllus, the ability to choose 
between strategies representing different interpretations of subtraction 
seems to come after the ability to use more abstract versions of a given 
Strategy in a particular problem. 

So far we have said very little about the* relationship between the formal - 
mathematics t^at chfldren 16'arn as part of the mathematics curriculum and 
the informal strategies they invent independently. We have completed one 
study that examines the relationship between children's symbolic representation 
of addition and subtraction problems and their strategies foi: solving them 
(Carpenter, et al. , in press). After several months of instruction, most 
children could write addition and subtraction sentences of the form a + b = Q] 
or a - b to represent Joining and Separating ptoblems but had more 

difficulty representing the other types of problems. At this stage very few 
children recognized that the arithmetic sentence was a mechanism that they 
might use help them solve the problem. Most of them cont:|i^ed to use the 
verbal prpblfem as the basis for deciding hpw to solve the problem. In fact, 
in spite of instructions to the contrary, .^ibout' 25 percent of' the subjects 
would solve a problem before wr,it:ing a sentence. ■■' In general few chil4fen 
clearly understdod the relationship between the number 'sentence and the 
problem. 

\ This pilot study also provided some evidence that children's strategies 
were less influenced by problem structure after several months of instruction 
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on addition and Subtraction. So far this trend is not quite as evident in 
the data from the longitudinal study » 

As a final comment <to this section it is interesting to contrast the ^ 
performance of the children we have studied and the problem solving abilities 
of older students. We have found that young children very carefully analyze 
problems and base their solutions on the structure and content of the problem. 
This analytic ability is precisely what older children lack. Although they 
are generally successful' in solving simple addition, subtraction, multipllca- 
tion, and division word problems, they have a great deal of difficulty with 
even simple nontoutine problems that involve anything more than a straight- 
forward application of a single arithmetic operation (Carpenter, Cor^Ditt, 
Kepner, Lindqwist, & Reys, in press a, b). 

Other Variables 

In the discussion so far we have attempted to characterize the processes 
children use to solve simple verbal addition and subtraction problems and 
how they may evolve over time. In this regard we have focused on the effect 
of problem structure on children's solution processes. In addition to problem 
structure, there are two other important variables that we are investigating: 
characteristics of the child solving the problem and the nature of instruction 
the child has received • So far we have not made as much progress in examining 
these variables as we have in identifying the effect of problem structure, 
bu we would like to briefly characterize some of the factors we have inves- 
tigated and those we are continuing to investigate. 
Individual Differences 

There clearly are differences in the rate at which children acquire 
basic addition and subtraction problem solving skills. At the time of 
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each interview, a great deal of variability in performance was observed. 
What is not yet clear, is whether children are simply at different stages 
of development' with respect to a given skill or whether different children 
gp through different patterns of development . in the acquisition of addition 
and subtraction ,concepts and skills. For example, are children who use . 

Counting On strategy simply further along in their acquisition of^additi6n 
conce'Tts than children who use a Counting, All strategy, or do some children 
need to rely on Counting All strategies up until the time they develop formal 
addition concepts? The fact that there is a steady increase over timte in 
the number of children using a Counting On strategy would argue for the 
fact that children using a Counting All strategy were simply at a lower 
level in their acquisition of addition concepts. Other studies have also 

examined this issue and have generally concluded that older children 

• (' 

increasingly use more advanced coutning strategies, (cf. Wqods et al., 
1975). 

So far we have only examined our data on a cross sectional basis. 
As we examine our data on a longitudinal basis and trace the change of 
performance of individual children over time, we should begin to get a- 
better idea of whether there is a well defined sequence in which children 
acquire addition and subtraction problem solving .concepts and skills. 

One of the factors that we have examined to attempt to account for 
individual differences in the acquisition of addition and subtraction problem 
solving strategies is the relation of these strategies to measures of more 
general cognitive abilities that might be prerequisites. (Carpenter & 
Hiebert, in press a, b). From an instructional point of view, the question 
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of whether the ability to solve problems or apply strategies is tied to the 
development of certain basic** cognitive abilities is an important one. There 
are potentially different instructional implications if the ability to solve 
certain problems or use certain strategies is closely linked to fundamental 
cognitive abilities whose development is difficult to accelerate than if this 
is not the case. 

The variables that we have explored ar^ several of the logical abilities 
that Piaget (1952) proposes represent the foundation of number concepts, 
and a measure of Information processing as characterized by Case (1978) 
and Pascual-Leone (1970, 1976). In addition to the argument that these 
variables represent fundamental concepts' that underlie the development of 
the most basic number concepts, there were several other reasons for their 
selection. A strictly logical analysis of the addition and subtraction 
problems and strategies themselves would suggest that these concepts are 
directly involved in certain of the problems and ' strategies. For example, 
the concept of class inclusion is a basic dimension of certain addition and 
subtraction problems* The Part-Part-Whple problems' deal with subordinate 
relations very similar to those found in classical class inclusion tasks. 
Similarly many of the addition and subtraction strategies involve trans- 
formations that presuppose conservation. Although we have not yet been able 
to identify the specific information processing requirements of individual 
strategies, different strategies seem to place very different demands on 
children's information processing capacity, and it is reasonable that more 
advanced strategies may require more advanced information processing capacities. 

There are not only logical reasons for considering these variables; 
there are empirical reasons as well. Previous studies have found that measures 
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of basic Plagetlan variables are highly correlated, with performance on 
arithmetic achievement tests (Carpenter, 1979a; Carpenter, Hlebert, Blume, 
Martin & Pimm, In press). Although these studies have done little to uncover 
explicit relationships between these variables and specific arithmetic skills, 
Steffe, Spikes, & Hirstein (1976) conclude that certain of these abilities are 
required to learn to apply some of the more advanced countl.ng strategies. 

In spite pf ^he reasons that one might put forth to expect these variables 
to be productive in helping account for »children^s performance on addition and 
'subtraction problems, we have found that this is not the case. Not only have 
we found that these basic abilities are not prerequisites for solving certain 
problems or applying certain strategies, but the correlations are modest at 
best. Based on some other research we have done on the learning of measurement 
concepts (Hlebert, 1979), we have cpncluded that these variables are useful in 
explaining performance on tasks whose logical structur^ , is, similar to the task 
measuring the 'basic cognitive ability. For tasks that are based on 'the appllca 
tion pf a skill like counting, performance is not as closely related. 
The Influence of Instruction 

Altlmough children clearly invent strategies to solve problems that they 
are not explicitly taught, it is unlikely that the construction of these 
strategies is unaffected by instruction. Psychologists studying the deyel- 
opment of early number concepts have generally assumed that specif it instruc- 
tion plays relatively little part in the development of these basic concepts. 
Although this assumption may be appropriate for early number concepts on which 
children receive comparatively little formal instruction in school, it is 
less valid, for describing children's acquisition of addition and subtraction 
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concepts. *It may be that within the limits Imposed by the range of common 
practices within the elementary curriculum, variations In Instruction hav^ 
relatively xlttle effect on the strategies that children employ. But this 
is an vinwarranted assumption on an a priori basis. It is Important to at 
least monitor Instruction in order to have some Id^a of the match between 
formal instruction and the Informal mathematics that children construct 
themselves. . . 

Since we are ultimately concerned with applying bur knowledge about 
the development of addition and subtraction concepts in children to the 
design of instruction, we are especially Interested in the effect of 
instruction on the develppment of these concepts. Furthermore, since 
we ^re also concerned with the implications of our results for the mathe- 
matics curriculum In schools, we have chosen to conduct our studies in natural 
school settings rather than artificially controlled laboratory experiments. • 

In the studies that are com{^leted or in progress, we have attempted 
to control mathematics instruction. All of the children In ^he major 
studies we have completed have been studying from the same mathematics 

c 

program, a modified version of Developing Mathematical Processes. To further 
take into account variations in the kind or amount of Instruction that are 
Introduced by the teacher or the individual child, we are examining specific 
classroom experiences of individual children* A major element in this 
dimension of our research is the observation of .allocated and engaged time, 
using techniques developed In the beginning Teacher Evaluation Study (Jones & 
Romberg, 1979). Classroom observations of participating teachers and students 
will provide evidence as to what types of activities students have engaged Ip, 
the amount of time they have engaged In them,* and the teaching behaviors that 
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affect engagement. 

The observation data are" still Incomplete, but the available data clearly 
Indicate, tiiat. even with the same mathematics program there are significant 

t 

differences In instruction and pupil engagement. It is not yet clear whether 
these differences have any effect on the strategies that children use to 
solve addition and subtraction problems. But there is evidence that these 
differences ^are related to differences In learning certain content like know- 
aslc facts. This would seem to have Implications for the time at 
dren would switch from Invented strategies to formal arithmetic 

It is reasonable that instruction would have an increasingly greater 
effect in the .later stages of acquisition of addition and subtraction concepts 
The very ear ly^ concepts, like those studied by Brush (1978) are probably 
relatively independent of specific instruction. Even the construction of 
counting strategies does not appear to be greatly Influenced by instruction. 
Whether the transition to more sophisticated strategies could, be accelerated 
by Instruction is an open question. But even without specific instruction, 
children construct the strategies .themselves. The shift to solving problems 
by using basic facts and formal algorithms certainly is related to Instruction 
It appears likely that, depending on Instruction, this shift may take place 
earlier in some children than in others. Whether it is productive or in the 
long ran^e beneficial to attempt to accelerate this transition to formal 

i 

t 

mathematical operations Is also in open question that requires further 
research. 
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Implications fo* Instruction 
Our long range goal for studying children's learning of. basic mathe- 
matics concepts Is to provide a basis for, designing more effective Instruc- 

> 

tlon. It is not our objective to generate Increasingly fine ground analyses 
of^children's behavior but to provide a description of children's learning, 
and do so at a level that It may potentially impact instruction. Consequently 
we have selected a content area that Is a central focus of the mathematics, 
curriculum,- we have selected relevant variables, and we have chosen to study 

the acquisition of this . content In real school envlrpnments rather than 

. • * » 

controlled laboratory settings. 

Applying knowledge about children's learning to Instructional declsloW 
making is not trivial. Although instruction should be consistent with the 
ways children learn, the. most effective Instruction cannot be deduced 
directly from an examination of children's spontaneous learning. This 
issue has been discussed at greater length^ in another 'paper (Carpenter, 1979b; 
see also Glaser, 1976; & Resnick, 1976). The poi:»t is that we are not 
proposing that our research in its current state cliearly specifies an 

« 

appropri^e sequence of Instruction. A great deal of intermediate research 
is still required that specifically attempts to establish how instruction can 
be designed t^ effectively build upon the spontaneous acquisition of addition 
and subtraction concepts that we have observed and facilitate the transition 
to formal addition and subtraction operations. 

On a long range basis we see our research having implications for 
instruction in two ge;ieral areas: the selection and sequencing of content 
and the individualization of Instruction. There is ample evidence that 
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children enter school with well developed counting processes and that they 
naturally depend upon these processes to deal with problems involving 

/ 
% 

numbers. The typical mathematics program, however, fails to build upon 
the richness and growing sophistication of these strategies. This is one 
area in which research involving the design of instructional alternatives 
might build upon our research. A second involves the integration of verbal 
problems into the mathematics curriculum. It has typically been assumed 
that children must first master computational skills before they can apply 

>t.. 

them to solve problems. We have demonstrated, however, that chlldfen can 
solve basic verbal problems before they learn formal addition and subtraction 
skills. Rather than requiring computational skills for their solution, basic 
problems give meaning to addition and subtraction operations. This suggests 
that verbal problems might provide a basis for introducing addition and sub- 
traction concepts and that verbal problems may be effect^.vely integrated into 
the instructional sequence a great deal more extensively than is now the case. 

An effective program for individualizing instruction must be based on some 
measure of how chlldyren are different. If we can establish a clear picture 
of how addition and 'subtraction concepts are acquired, tals knowledge could 
provide one basis for individualizing instruction. Presumably different 
content and different types of instruction would be appropriate for children 
at different stages in the acquisition of addition and subtraction concepts. 
The analysis of the acquisition of these concepts potentially provides a 
basis for evaluating children's concepts and skills and designing instruction 
that is appropriate for children at different stages. 

r 

eg 
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More detailed knowledge of children's addition and subtraction 
processes should provide a more substantial basiis for making instructional 
decisions. But as the above examples indlcate,"Tiiere is already a reasonable 
base to support a great deal of instructional research. 



63 



REFERENCES 49 

t 

Brush, L.R. Preschool children's knowledge of addition and sub'traction. 

Journal for Research in Mathematics Education , 1978, 9^, 44-45. 
Carpenter, T.P. Cognitive development research and mathematics education ^ 
(Theoretical Paper No. 73). Madison: Wisconsin Research and Devel- 
opment Center for Individualized Schooling, 1979. (a) * 

C^irpenter, T.P. Research on children's thinking and the design of mathe- 
matics Mstruction. In R. Lesh & D. Mierkiewicz, (Eds.), Applied 
mathematics problem solving . Columbus, OH: ERIC, i979. (b) 
. Carpenter, T.P,, Corbitt, M.K., Kepner, H. , Lindquist, M.M., & Reys, R.E. 
Results and implications of the second NAEP mathematics* assessment : 
Elementary school. Arithmetic Teacher , in press, (a) . 

Carpenter, T.P., Corbitt, M.K., Kepner, H., Lindquist, M.M. & Reys, R.E. 
Results and implications of the second NAEP mathematics assessment; 
Secondary school. Mathematics Teacher , in press, (b) 

Carpenter, T.P;. & Hiebert, J. Information processing capacity and relation 
skills . Madison: Wisconsin Research and Development Center for 
Individualized Schooling^ in press i (a) 

Carpenter, T.P. & Hiebert, J. Information processing capacity and addition 
skills. Madison: Wisconsin Research and Development Center foi^ . 
. Individualized Schooling, in press, (b) 

Carpenter, T.P., Hiebert, J., Blume, G.W., Martin, C., & Pimm, D. Analysis 
and synthesis of research on children's number concepts and skills . 
(Conceptual Paper No. 3). Madison: Wiaconsin Research and Development 
Center for Individualized Schooling, in press. 

04 



■ 50 • , • • 

xfii - 

Carpenter, T.P, &nuebert, i Moser, J.M. The effe ct of p roblem structure 

en first-graders' initial solution processes for simple addition an d 
subtraction problems , (Technical Report No. 516). Madison: Wisconsin 
Research and Development Center for Individualized Schooling, 1^79 ♦ 

Carpenter, T.P., Moser, ^J.M., & Hiebert, J. A study of the effect of 

instruction on children's representation of selected addition and sub- 
traction problems / Madison: Wisconsin Research and Development Center 
for Individualized Schooling, in press. 

Case, R. Piaget and beyond: Toward a developmentally based theory and 
technology of instruction. In R. Glaser (Ed.), Advances Is in - 
stru c tional psychology (Vol. ij. Hillsdale, NJ: Lawrence Erlbaum, 1978. 

Gelman, R. & Gallistel, C.R.. The child's understanding of number . Cambridge, 
MA: Harvard University P.ress, 1978. 

Gibb, E.G. Children's thinking in the process of subtraction. Journal 
of Experlmen^l Education , 1956, 25, 71-80- *, 

Ginsburg, H. Children' s^arlthmetlc: The learning process .' New York: 

i 

D. Van Nostrand, 1977. 
Glaser, R* Components of a psychology of instruction; Toward a science of 

design. Review of Educational Research, 1976, 46, 1-24. > 
Greeno , J . G . ^ Some examples of cognitive task analysis with instructional 

implications . Paper presented at the ONR/NPRDC Conference, San Diego, CA, 

March 1978. . . 

Groen, G.J. & Parkman, JJl. A chronometric analysis of simple addition. 

P sychological Review , 1972, 7^, 329-343. 
Groen, G, & Resnick, L«B. Can preschool children invent addition algorithms? 

JourTial of Educ ational Psychology, 1977, 69 , 645-652 



65 



Grouws, D.A. Differential performance of third-grade children in solving 
open sentences of four types . (Doctoral dissertation, University of 
Wisconsin, 1971). Dissertation Abstracts International , 1972, 32, 
. 3860R. (University Microfilms No. 72-1028) 

Hiebert, J. The effect of cognitive development on first grade children's 

ability to learn linear measurement concepts . (Technical Report No. 506). 
Madison: Wisconsin Re^arch and Development Center for Individualized 
Schooling, 1979. " ' ' , 

% 

Jerman, M. Problem length as a structural variable in verbal aritVunetic, 

problems. Educational s1:udies in Mathematics , 1973, 5^, 109-123.' 
Jones, G.A. ^ Romberg, T.A. Three "Time. on task" studies and their implica- 

o 

tions for teaching and teacher education . (Project Paper 79-6). 
Madison! Wisconsin Research and Development Center for Individualized 
Schooling, 1979. 

Kouba, V. & Moser, J.M. Development and validation of curriculum units related 

to initial . sentence writing . Madison: Wisconsin Research and Development 

Center for Individualized Schooling, 1979. 

♦ ■ . * 

Lindvall, CM. & Ibarra, C.G. An analysis of incorrect procedures used b y 

primary grade pupils in solving open addition and subtraction sentences . 
Paper, presented at the Annual Meeting of the American Educational Research 
Association, Toronto,. March 1978. (ERIC Document Reproduction Service 
No. ED 155 049). ' ' . * ' 

Martin, C. Intra and intercoder reliability for addition and subtractio n 
interviews. Madison: Wisconsin Research and Development Center for 
Individualized Schooling, in press. ' 




52 



Nesher, P.S. & Kattiel, T, Two co g nitive modes in arithmetic word problem 

solving . Paper presented at the vSecond annual meeting of the International 
Group 'for *the Psychology of Mathematics Education, Osnabruck, West Germany, 
Septembei: 1978. ^ " ' 

Opper, S. /■ Piaget's clinical method. The Journal of Children's Mathematical 

Behavior ; 1977, 1 (A), 90^107. . ' 

Pascual-Leone, J. A iriathemattcal model for the transition rule in Piaget's 
developmental stages.* Acta PsychOlo^^ca , 1970, 32., 301-3A5. 



Pascual-Leone, J. A view of cognition fiifbra a fqrmalist's perspective. In * 

■{/ / 

K.F. Relgel;^! J,^ Meifcham (Eds.K The developing individual In a changjLng 
world. The Hague^ Moutoh, 1976. , 

■ • .■ ' 

Piaget, J^ V^Th;^ child Vs conception of numbet ; New York: Humanities Press, ,19^52. 
Resnick, L.§,. Tasjc analysis in instn^tional design: Some cases f rom mqthe- 

matiCs. In D. Klahr (Ed.), Cognition and instjructlon , Hillsdale, NJ-. 

Lawrence Erlbaum Assqciates, 1976« . 
Resnick, L.B. The role of invention in the development of mathematical 
' competence . Paper presented at the Wptkshciii on Children's Mathematical 

Learning, Learning Research and Development Centet:, Pittsburgh, September 

Romberg^ T.A^>: Harvey, v/.G^, Moser, J.M., and Montgomery, M.E. Developing t 

Mathematical Processes ^ Chicago ^ Rand McNally, 197A. 
Rogenthal^^ D. J.A. & Resnick/ L,B. Children's solution processes in arithmetic 

word problems. Journal of Educational Psychology , 1974, 66/ 817-825. 
Staff e, \L;.P. ' Dif f^ren.tial performance of first-grade children when solving , 

arithmetic addition problems. ^ Journal for Researctysin Mathematics 

Education , 1970, 1^, 144-161 • .\ 0 



o 



; If 



. « . . • . 53 



U - . 

■'Steffe, L.P., Spikes, W.C. , & -Hirst eir/, J.J.V Quantitative comparisons 

and r-lass iftclus ion as readiness variables for learnin g first grade 

O , — ~~ " ' ■ 

o ar ithinet ic al . cont.ent t Athens, GA: The beorgia Center for the Study 
pf Learning^ and cTeabhing Mathematics, University of Georgia, 1976. 
Suppes?. P. & Groetv, G. Some counting models for first grade performance 



o 



' data on simple facts. In J.M. Scandura, (Ed.), Research ^i n Mathematics 

Education , Washington, ^D.C; National Council of Teachers of Mathe- 

"7~- r~ ' 

" baticsi 3l%7. ' ' . • . . ' - ^ " ' 

* ' • 

Syppes, P., Loftus, E.F., & Jerraan, M. Problem solving on a computer- 
based teletype. Educational sV.udies.in Mathematics ^1969, 2, 1-15. 
9 Vergnaud, Gi'^fi, Durand, C. Structures additives ^et complexity psychog€n6tique, 
La Revue Francaise de Pedagogie , 1976, 36 , 28-43. - • 
.J^/pods^, S.S.,. Resnick, L.B., & ftroen, G.J. An experimental test of five 

process models for subtraction. Journal of Educational Psychology , , 
' 1975, 67, 17-21. 



\ 



IS 



68 



Center Planning and Policy Committee 



Kx<:hard A, RousmiH.er t 

Wayne Otto 

Center Co-Directors 

Dale D, Johnson 
Area Chairperson 
Studies in Language: 
Reading and Communication 

Marvin J. Fruth 

Area Chairperson 

Studies in Implementation 

of Individualized Schooling 



Pf^nelope L. Peter bor\ 
Area Chairperson 

Studies of Instructional Programming 
for the Individual Student 

James M. Lipham 

Area Chairperson 

Studies of Administration and 

Organizatipn for Instruction 

Thomas A. Romberg , 
Area Chairperson 

Studies in Mathematics and Evaluation 
of Practices in Individualized Schooling 



Associated Faculty 



.Vernon L. Allen 

Professor 

Psychology 

Dean Bowles 
Professor 

Educational Administration 



Joel R. Levin 
Professor 

Educational Psychology 

James M. Lipham 
Professor' 

Educationa 1 Administration 



W, Charles Read 
Professor 

English and Linguistics 

Thomas A. Romberg 
Professor 

Curriculum and Instruction 



Thomas P. Carpenter 
Associate Prof essolr 
Curriculum and Instruction 



Dominic W. Massaro 

Professor 

Psychology 



Richard A. Rossmiller 
Professor 

Educational Administration 



W. Patrick Dickson 
Assistant Professor 
Child .and Family Studies 

Lloyd L. Frohroich 
Associate Professor 
Educational Administration 



Donald M. Mclsaac 
Professor 

Educational Administration 

Wayne Otto 
Professor 

Curriculum and Instruction 



Peter A. Schreiber 
Associate Professor 
English and Linguistics 

B. Robert Tabachnick 
Professor 

Curriculum and Instruction 



Marvin J. Fruth 
Profes^ior 

Educational Administration 



Penelppe , L'. Peterson 
Assistant Professor 
Educational Psychology 



Gary G. Wehlago 
Professor 

Curriculum and Instruction 



Dale D. Johnson 
Professor 

Curriculum and Instruction 



Thomas S. Poj;kewitz 
Professor 

Curriculum and Instruction 



Louise Cherry Wilkinson 

Associate Professor 
« 

Educational Psychology 



Herbert J. Klausmeier 
V,A,C, Henmon Professor 
Educational Psychology 



Gary G. Price 
Assistant Professor 
Curriculum and Instruction 



Steven R. Yussen 
Professor 

Educational Psychology 



11/79 



ERLC 



6.9 



